Introduction
An MV-algebra as an algebraic axiomatization of the Lukasiewicz many-valued propositional logic. It is a bounded distributive lattice with an antitone involution, where the set of those elements that have a complement form a subalgebra which is a Boolean algebra.
The logic of quantum mechanics is axiomatized by orthomodular lattices. It is natural to ask which structures generalize orthomodular lattices in the way that MV-algebras extend Boolean algebras. The structures in question are bounded lattices with antitone involutions, such that the set consisting of those x for which x * is a complement is an orthomodular sublattice of the initial lattice.
Our goal is to derive "MV-like" algebras A = (A, ⊕, ¬, 0) of type 2, 1, 0 that generalize both MV-algebras and orthomodular lattices, and have the following properties:
(I) A is a bounded lattice with respect to the induced natural order ≤, (II) the set of complemented elements is a sublattice which is an orthomodular lattice, (III) every subalgebra of A contained in a block is an MV-algebra.
In a stronger version we ask that (III') every block of A is an MV-algebra. Definition 1.1. A lattice with sectional antitone involutions is a system
where (L, ∨, ∧, 0, 1) is a bounded lattice such that every principal filter [a, 1] possesses an antitone involution x → x a . The family ( a ) a∈L of sectional antitone involutions, can be equivalently replaced by a single binary operation defined by
We characterize MV-algebras as those lattices with sectional antitone involutions satisfying the exchange identity
) be a lattice with sectional antitone involutions. Then the assigned algebra A (L) = (L, ⊕, ¬, 0), where x ⊕ y := (x 0 ∨ y) y and ¬x := x 0 , satisfies the identities
Definition 1.3. By a basic algebra we shall mean an algebra A = (A, ⊕, ¬, 0) of type 2, 1, 0 satisfying the identities (BA1)-(BA5) of Theorem 1.2 (where 1 := ¬0).
Remark 1.4. It is easily seen that a basic algebra is an MV-algebra if and only if the operation ⊕ is commutative and associative.
Proposition 1.5. Let A = (A, ⊕, ¬, 0) be a basic algebra. The relation ≤ defined by
is a partial order on A such that 0 and 1 are the least and the greatest element of A, respectively. Moreover, for all x, y, z ∈ A we have: The correspondence between lattices with sectional antitone involutions and basic algebras, as described in Theorems 1.2 and 1.6, is one-one: Theorem 1.7. The variety BA of basic algebras is arithmetical and congruence regular.
Given a basic algebra A = (A, ⊕, ¬, 0), an element x ∈ A is complemented provided ¬x is a complement of x in the induced lattice (A) = (A, ∨, ∧, 0, 1). Theorem 1.8. Let A = (A, ⊕, ¬, 0) be a basic algebra. Then x ∈ A is complemented if and only if x ⊕ x = x.
A basic algebra A = (A, ⊕, ¬, 0) is commutative if x ⊕ y = y ⊕ x for all x, y ∈ A. Theorem 1.9. The induced lattice of every commutative basic algebra is distributive.
Weak MVQ-algebras
Let A = (A, ⊕, ¬, 0) be a basic algebra. We use CE(A) to denote the set of all complemented elements in A.
Theorem 2.1. Let A = (A, ⊕, ¬, 0) be a basic algebra. If A satisfies the identity
then CE(A) forms a sublattice of (A).
Remark 2.2. The identity (2.1) obviously holds in basic algebras induced by orthomodular lattices and a straightforward calculation shows that (2.1) is true also in MV-algebras.
Theorem 2.3. Let A = (A, ⊕, ¬, 0) be a basic algebra that satisfies the identity (2.1). If A satisfies the identity
2) then (CE(A), ∨, ∧, ¬, 0, 1) is an orthomodular lattice.
Remark 2.4. Every MV-algebra satisfies (2.2).
Likewise basic algebras derived from orthomodular lattices fulfil (2.2).
Definition 2.5. A weak MVQ-algebra is a basic algebra that satisfies the additional identities (2.1) and (2.2).
Corollary 2.6. Let A = (A, ⊕, ¬, 0) be a weak MVQ-algebra. Then (1) (CE(A), ∨, ∧, 0, 1) is a sublattice of (A) = (A, ∨, ∧, 0, 1), (2) (CE(A), ∨, ∧, ¬, 0, 1) is an orthomodular lattice.
Hence weak MVQ-algebras generalize both MV-algebras and orthomodular lattices and have the properties (I) and (II) that we have required in the introduction.
MVQ-algebras
Recall that a block of a weak MVQ-algebra A = (A, ⊕, ¬, 0) is a maximal subset B of A such that x ⊕ y = y ⊕ x for all x, y ∈ B.
Theorem 3.1. Let A = (A, ⊕, ¬, 0) be a basic algebra satisfying the quasi-identity
Then every subalgebra of A which is contained in some block is an MV-algebra.
Remark 3.2. (a) The quasi-identity (3.1) holds in all lattice effect algebras, because the assumption x ≤ ¬y and x ⊕ y ≤ ¬z yields the existence of (x + y) + z = x + (y + z).
(b) (3.1) can be rewritten as an identity, but the quasi-identity is better readable.
Definition 3.3. By an MVQ-algebra we mean a weak MVQ-algebra satisfying the quasiidentity (3.1).
Thus MVQ-algebras satisfy all the conditions (I), (II) and (III) that we have set at the beginning:
Corollary 3.4. Let A = (A, ⊕, ¬, 0) be an MVQ-algebra. Then CE(A) forms a sublattice which is orthomodular, and every sublagebra contained in a block is an MV-algebra. Hence A is an MV-algebra iff ⊕ is commutative.
